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AN ECONOMIC DESIGN OF TUKEY'’S CONTROL CHART

Chau-Chen Torng, Pei-Hsi Lee” and Chun-Chich Tseng
Graduate School of Industrial Engineering and Management

National Yunlin University of Science and Technology
123 University Road, Section 3, Douliou, Yunlin 64002, Taiwan, R.O.C.

ABSTRACT

The significant features of Tukey’s control chart include characteristics such as: easy setup,
use of single observation to monitor process, and suitability to monitor destructive testing
processes. The control limit width and sampling interval should be determined before
Tukey’s control chart can be used. In this study, Duncan’s cost function is modified to
construct an economic design model of Tukey’s chart and to attain optimal design. Fur-
thermore, methods of calculating error probabilities of Tukey’s chart under normal condi-
tions are constructed and applied in the economic design model. A real-world example of IC
packaging illustrates the application of Tukey’s chart to economics. The results of sensitivity
analyses demonstrate that shorter in-control time or larger process variation cost incurs

higher control cost.

Keywords: Tukey’s control chart, economic design, inter-quartile range, box plot

1. INTRODUCTION

When an assignable cause occurs during the
manufacturing process, process variation will occur
and result in defective products. Using the control
chart technique, process variation can easily be de-
tected by staff, and then swiftly repaired so as to re-
duce the amount of defective product.

Currently, there are many types of control
charts; when process is monitored, appropriate control
charts must be selected according to sampling methods
and monitoring procedures. Many electronics manu-
facturers utilize a destructive testing approach to
measure the observations of process. After destructive
testing and inspection, the sample is destroyed and
cannot be sold on the market. Generally, for the
process monitoring of this type of product, only one
sample is taken to measure the observation so as to
reduce cost. In this way, most destructive testing
processes adopt individual control charts to monitor
the process mean.

Tukey’s control chart uses a single observation
to monitor the process mean, thus making it suitable
for monitoring destructive testing processes. Tukey’s
control chart utilizes quartiles to set up control limits,
making it easier to use and distinguishing it from
CUSUM and EWMA control charts. Alemi [1] applied
Tukey’s control chart to the health-care industry to
monitor patient health, but at that time, the design
method of Tukey’s control chart had not yet been
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investigated. Thus, Alemi [1] is not necessarily ap-
plicable to industrial processes. Consequently,
Tukey’s control chart must be re-designed according
to respective process characteristics in order to detect
process variation effectively.

At the outset, control chart design must decide
control limit width, sampling interval and sample size.

Duncan [7] developed a cost model aimed at X chart
and its optimal design from an economic perspective.
Duncan’s cost model components include process
variation cost, false alarm cost, assignable cause
search cost, sampling, inspection and plotting cost [7].
Through optimization technique, minimized total cost
is found results in an optimal control chart design.
Subsequent research has used Duncan’s concept [7] to
construct cost models aimed at different control charts
and to determine optimal design [2, 3, 6, 10, 11 12].
Briefly, Tukey’s control chart is an individual control
chart which distinctively need not consider the deci-
sion of sample size in the design of control chart; and
only requires the solution of control limit width and
sampling interval.

Another unique idiosyncrasy of Tukey’s con-
trol chart is that its construction of cost models must
apply the error probabilities of the control charts to
calculate the cost components. However, there have
been no studies of calculations of error probabilities
using Tukey’s control chart to date. This reveals that
the calculations of error probabilities of Tukey’s con-
trol chart must first be built to fully construct the cost
model.
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In this study, the cost function of Tukey’s con-
trol chart is constructed using Duncan’s [7] concept,
and the optimal design of Tukey’s control chart is
determined by economic design approach. Normal
distribution is usually an important assumption of a
control chart. We construct the error probabilities of
Tukey’s control chart under normal conditions, and
apply them to the cost function. The wirebonding
process of IC packaging uses the destructive testing
approach to measure the ball shear strength. The
monitoring of ball shear strength serves as an example
of the application of an economic design of Tukey’s
control chart. Sensitivity analyses have been con-
structed to evaluate the effects of model parameters on
the optimal design of Tukey’s control chart.

2. TUKEY’S CONTROL CHART

Tukey’s control chart is an individual control
chart that applies the principle of Box plot to set up its
control limits. The setup of Tukey’s chart is as fol-
lows:

Step 1. Calculate the first quartile O, and the third
quartile Q;.

Step 2. Calculate Inter-Quartile Range (IQR; /QR=
Os- Q).

Step 3. Use the following equation to construct up-
per-control limit (UCL) and lower-control
limit (LCL).

LCL=0, - kxIOR
UCL =0, +kxIQR

)

where parameter £ determines the width of control
limits and its default is 1.5 [1]. A region of a control
chart between UCL and LCL is called the in-control
region. If an observation falls within this region, the
process is determined to be an in-control process. If an
observation falls outside the control limits, the process
is determined to be a mean-shift occurrence.

3. ECONOMIC MODEL
CONSTRUCTION

3.1 Type I and type Il error probabilities

Many studies consider normal distribution to
always be a basic assumption of process observations
[2, 4,5, 8]. In a control chart, x is used to represent
observations from a normal distribution with pa-
rameter 1 and o”, and the initial process mean and
variance are, respectively, o and ¢°. When process
mean had shifted, the new process mean is p;=uotdo;
here ¢ is the shift size (6=(u1-1o)/o). Let P(d) be used to

represent the probability that the observation falls

outside the control limits when the shift size is 6. Us-
ing a normalization approach transfers x to z,

z= (x - ,u)/ 0 ; and the z follows standard normal
distribution. The P(J) is:

P(5)=1-P(LCL < x<UCL|t = p, = 4y + 50 )
=1-P(LCL - 60 < x <UCL - 8olp = u,)
=1-{0[(UCL~ )/ o~ 5]

~o[(LCL-p)/o-5])
@)

where the © is a cumulative distribution function of a
standard normal distribution [9]. On one hand, if 6=0,
the P(0=0) is the probability of type I error or false
alarm rate. On the other hand, when process mean
shifts do units, the P(6#0) is power. 1-P(d0#0) is the
probability that the control chart does not detect the
mean shift, and it is usually denoted as a type II error
probability.

When the historical data is sufficiently high to
fit the population probability distribution and can
estimate its parameters, the quartiles can be calculated
through the known probability distribution. Let x be
the process observation following normal distribution
with ¢ and ¢, and use normalization approach transfers
x to z. The inverse of a cumulative distribution func-
tion of a standard normal distribution is:

z=d-(p) 3)

where p is a specific probability. Let p be equal to 0.25
and 0.75 respectively. Use of Eq. (3) can calculate the
first quartile Q; and the third quartile Q5 of standard
normal distribution. The Q; and Q; are equal to
-0.67449 and 0.67449, respectively, and IQR =
1.34898. The control limits of Tukey’s control chart,
which is based on a standard normal distribution as-
sumption, are:

UCL =0.67449 +1.34898k
LCL =-0.67449 —1.34898k

“

Using Eq. (2) and (4) can obtain the P(J) of Tukey’s
control chart, as follows:

P(5)=1-[®(0.67449 +1.34898k — &)

(%)
— O(-0.67449 —1.34898k — 5]
When 6 =0, Eq.(5) becomes the type 1 error
probability of Tukey’s control chart, and its type II
error probability is 1— P(6 # 0).
An example illustrating the application of
Eq.(5) uses Tukey’s control chart of &=1.5 to monitor
the process mean and calculate its type I error prob-
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ability. Let k and 6 of Eq.(5) be respectively equal to 0
and 1.5, then the P(O = 0) is approximately 0.00698.

3.2 Cost function

Duncan [7] presented a cost model for X chart
that was much more realistic than other models.
Duncan’s model made some important assumptions:
(1) A control chart only detects a single assignable
cause at a time; (2) The time from in-control processes
to out-of-control processes follows exponential dis-
tribution with parameter A ; (3) The control rule is
only to be considered when an sample point falls out-
side the control limits; (4) The process allows con-
tinuous manufacturing operation while it is in the
process of finding an assignable cause.

Furthermore, Duncan [7] divided the cycle time
of process control into four periods:

(1) In-control period. The average time of in-control
processes is approximately 1/ 4.

(2) The period of process variation detection. When
assignable cause occurs, the probability using
Tukey’s control chart to successfully detect
process mean shift is P(5 * 0). If the process
mean shift occurs between the jth to j+1th sam-
pling, and if the sampling interval is 4, then the
expected time between the jth to j+1th samplings
for the process shift to occur is:

(j+1)hﬂ e d

J'jh (t_] )e t B 1_(1+ih)e—ih (6)
G+Dh - 21— —&h)
j Ae ™ dt (I-e

Jjh

T =

Therefore, the time required for Tukey’s control
chart to detect the process mean shift is:
h/P(5#0)-7.

(3) The period of searching for an assignable cause
and the period of restoring processes to an
in-control state. The time of two period can be
represented a constant D.

The expected length of a cycle time E (T ) is:
E(T)=1/A+h/P(5#0)—7+D (7)

The components of Duncan’s cost model in-
clude: (1) the cost of an out-of-control state; (2) the
cost of false alarm; (3) the cost of searching for an
assignable cause; and (4) the sampling, inspection and
plotting of cost. We modify these cost components
based on the principle of Tukey’s control chart as
follows:

(1) Out-of-control cost. Once process variation oc-
curs, the operation cost per hour is a4. The

manufacturing operation time consumed be-
tween onset of process variation occurrence to
detection of variation is E(T )—(1/ ﬂ,). Thus, the
total out-of-control cost is a, [E(T)—(1/A)].

(2) The cost of false alarm. The cost of searching a
false alarm is a;. When an in-control process
follows exponential distribution, the average
number of samplings before mean shift is:

G+Dh _ _
j‘h jAetdt=e M J(1—e ) (8)

J
Since type I error probability of Tukey’s control
chart is P(5 = 0) , the average occurrence
number of false alarm is
P(5= O)e’lh/(l —e ), and the expected cost
of false alarm is a3P(5 = O)e"lh/(l —e )

(3) The cost to search an assignable cause and repair
per time is set as a2 here.

(4) Since Tukey’s control chart applies single ob-
servation to monitoring the process, the sam-
pling, inspection and plotting cost is a constant
al. The sampling times during a cycle consist of
E (T ) / h; and thus the sampling, inspection and

evaluation and plotting cost are g, E (T ) / h.

The total cost is:

E(TC)=a,E(T)/h
+a,[E(T)-(1/2)]+a, (€]
+a,P(5 = O)e_’”’/(l —e )

The expected cost per hour, denoted by £ (C ) ,
incurred by the process is:

E(C)= % (10)

where P(5) and P(5 = 0) can be calculated from
Eq.(5).

The economic design of Tukey’s control chart
is used to determine the appropriate values of 4 and k&
so that E(C ) may be minimized. In this study, the

Solver Toolbox of Microsoft Excel 2003 is used as the
model-solving tool. We have used this tool to solve
the economic design model of Shewhart’s X control
chart as presented by Montgomery [9] [Example 9-5,
p-464], and obtained the same results. Therefore, the
Solver Toolbox of Microsoft Excel 2003 is suitable for
use to solve the economic design model of a control
chart.
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4. ANUMERICAL EXAMPLE

4.1 Design of Tukey’s control chart

Wirebonding is a key process in IC packaging
and is the most common method for electrically con-
necting the aluminum bonding pads on a microchip
surface to the package inner lead terminals on the
lead-frame. Thermosonic ball bonding technology is
applied to the wirebonding process. The thermosonic
ball bonding uses a capillary tip made of tungsten
carbide or ceramic material which feeds a fine di-
ameter Au wire vertically through a hole in its center.
The protruding wire is heated by a small flame or
capacitor discharge spark, causing the wire to melt and
form a ball at the tip. During bonding, the ultrasonic
energy and the pressure cause a metallurgical bond to
form between the Au wire and the Al pad. Upon
completion of the ball bond, the bonding mechanism
moves to the substrate inner lead pad and forms a
thermocompression wedge bond. Up to this phase, the
wire is broken and the tool continues to the next die
bonding pad.

During the wirebonding process, the gold ball
shear strength is an important quality characteristic
and must be monitored effectively to stabilize IC
quality. The destructive testing approach is utilized to
measure the ball shear strength. Since the ball shear
strength variance of the same IC is very small, previ-
ous sampling approaches sampled one IC and ran-
domly selected one ball from it to perform testing. As
a consequence, only single shear strength can be ob-
tained during each testing and Tukey’s control chart is
selected for the monitoring.

Since historical observations obtains 100 test-
ing values of ball shear under in-control process, these
testing values are verified following normal distribu-
tion with ¢ =18.6496(g) and o =1.75416 through

application of the Kolmogoroc-Smirnov test
(P-value= 0.377). Since experience can predict that
the ball shear strength mean shift will occur in each 20
hours (A =0.05) with a shift size of about 2 (6 =2),
the time from searching an assignable cause to the
repair process to normal state is about 1 hour (D=1).
The sampling, inspection and plotting cost is one
dollar (@;=1). The cost of searching a mean shift cause

and of the repairing process is $25 (a,=25) each in-
stance. Furthermore, during the control process, the
control chart may show a false alarm due to sampling
error, and the cost of a false alarm occurrence is $50
(a;=50). When the mean of gold ball shear strength
has shifted but has not been detected, the cost of loss
per hour caused by the continuous operation is $100
(as=100).

Once the above parameters have been applied to
Eq.(10), the Solver Toolbox of Microsoft Excel 2003
is used to find a solution for a cost-minimizing. The
obtained optimal Tukey’s control chart design is
h=0.4653, k=1.2278; and E(C) is  14.38,
P(6=0)=0.0198, P(6 =2)=0.3707 . This means
that sampling will be performed each 0.4653 hours,
and the control limit width of Tukey’s control chart
should be set at 1.2278, as the probability of false
alarm is 0.0198. Reasonably, when the process mean
shifts by 2 standard deviations, the probability of
detecting process mean shift is 0.3707, and accord-
ingly, the expected cost per hour is $14.38.

4.2 Monitoring the wirebonding process

Once a Tukey’s control chart has been de-
signed, its control limits and sampling interval can be
set. The k=1.2278 and Eq.(4) can calculate
UCL=2.33077 and LCL=-2.33077; and the sampling
interval is determined at 0.4653 hours (about 30 min-
utes). We sample and test the gold ball shear strength
per 30 minutes, using normalizing approach to trans-
form the observation value to the z value and to plot
the z value on Tukey’s control chart as in Figure 1.

Figure 1 shows the monitoring of wirebonding
processes during sampling 51 times. Point 34 falls
outside control limits at the 17th hour. Since deter-
mining the cause indicates that the false alarm oc-
curred during this time sampling, the process contin-
ues operation. Furthermore, point 51 also falls outside
control limits at the 25.5th hour. We check immedi-
ately the operation procedure of this process and find
the mean shift occurrence due to the machine sets error
parameters. Once the parameters of the machine are
adjusted to normal values, the process is repaired and
returns to normal state.
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UCL=2.3308

LCL=-2.3308

A
-

‘ 34\~‘,’ Y hrs

0 25 5 75 10 125 15

175 20 225 25

Figure 1. Tukey’s control chart for a wirebonding process

4.3 Sensitivity analysis

In this section, the effects of model parameters
on the optimal design of the Tukey’s control chart will
be investigated with the result listed in Table 1.

Table 1. Effects of model parameters on the optimal
design of the Tukey’s control chart

h k Typelerror  Power E (C )
o) 1 04577 0.9061 0.0579 0.1868 22.52
1.5 0.4302 1.0987 0.0310 0.2559 17.60
2 04653 1.2278 0.0198 0.3707 14.38
3 0.5668 1.4398 0.0089  0.6493 11.01
ﬂ, 0.01 09476 1.2467 0.0185 0.3608 5.29
0.05 04653 1.2278 0.0198 0.3707 14.38
0.1 0.3615 1.2075 0.0213  0.3808 22.38
0.5 0.2866 1.0813 0.0329 0.4471 56.56
D 0.5 0.4521 1.2335 0.0194 0.3675 12.34
1 04653 1.2278 0.0198 0.3707 14.38
2 04917 1.2152 0.0207 0.3769 18.19
10 0.7106 1.1330 0.0276  0.4197 39.61
a 0.1 0.0872 1.7664 0.0022 0.1452 10.71
1 04653 1.2278 0.0198 0.3707 14.38
10 2.2733  0.5479 0.1575 0.7215 21.50
a 2.5 04625 12273 0.0198 0.3707 13.36
25 04653 1.2272 0.0198 0.3707 14.38
250 0.4967 1.2261 0.0199 0.3713 24.58
a; 5 0.6584 0.5806 0.1449  0.7065 11.11
50 0.4653 1.2278 0.0198 0.3707 14.38
500 03017 1.7519 0.0024 0.1497 20.37
ay 10 1.8916 1.1812 0.0233  0.3944 3.96
100  0.4653 1.2278 0.0198 0.3707 14.38
1000  0.1389  1.2390 0.0190 0.3647 76.30

From table 1, it can be seen that when large O
occurs, wider control limits and lower cost will be
obtained, and the false alarm rate will be lower. If the
A increases (i.e., the expected time of in-control state
decreases), shorter sampling interval and higher cost
will be obtained. When D increases, longer sampling

interval and higher cost will be obtained. Simultane-
ously, if larger a; occurs, longer sampling interval and
narrower control limits will be obtained. Furthermore,
change of a, does not have too much effect on the error
probabilities and sampling interval, but the cost will
increase following the increase of a,. If a; increases,
shorter sampling interval and wider control limits will
be obtained. When larger a4 occurs, shorter sampling
interval will be obtained, and the cost conspicuously
increases.

5. Conclusion

To be brief, in this study, the economic design
model of Tukey’s control chart is strongly based on
Duncan’s [7] cost model concept. The calculations of
error probabilities are simply constructed and applied
to the economic design model. The economic design
of Tukey’s control chart is applied to a real-world case
of the wirebonding process of IC packaging; and ob-
tains the optimal design of Tukey’s control chart to
monitor the gold ball shear strength.

Based on the results of sensitivity analyses
some important conclusions of Tukey’s chart design
may be drawn as follows:

(1) When large O is used, wider control limits and
lower cost will be obtained.

(2) If the time of in-control process decreases,
shorter sampling interval and higher cost will
result.

(3) When a larger D value is used, longer sampling
interval and higher cost will result.

(4) If larger @, occurs, longer sampling interval and
narrower control limits will result.

(5) The change of a, has insignificant effect on the
design of Tukey’s control chart.

(6) If larger aj; is used, shorter sampling interval and
wider control limits will result.

(7) When a4 increases, shorter sampling interval and
higher cost will result.
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