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Performance of Tukey’s and Individual/Moving
Range Control Charts

Qurat-Ul-Ain Khalig,®*" Muhammad Riaz® and Farrokh Alemi®

This paper compares two control charts: Tukey (TCC) and individual/moving range (XmR) control charts. Both are designed to
examine single observation per time period, but little is known about which one is more efficient and under what conditions.
We simulated data from different distributions and examined the performance of the two control charts on these data.
Performance was assessed using the of average run length, extra quadratic loss, median run length, standard deviation
run length, performance comparison index, and relative average run length. Overall, TCC was more efficient than XmR, when
observations had binomial, Rayleigh, logistic, lognormal, Maxwell, normal, Poisson, Weibull (with =10, #= 1), and Student’s
t (30 and 10 degrees of freedom) distributions. XmR was more efficient when observations had Student’s t (with 4 degrees of
freedom) and gamma (with =4, #=1) distributions. These results suggest that improvement teams could reach faster
conclusions if they use TCC in most common situations. Copyright © 2014 John Wiley & Sons, Ltd.

Keywords: average run length; individual and moving range control chart; Tukey control chart; extra quadratic loss; median run
length; standard deviation run length

1. Introduction

n many processes, there is one observation per time period. In these situations, the process is typically analyzed using the

individual/moving range (XmR) control chart. In recent years, Tukey control chart (TCC) has been proposed for the analysis of

the same type of data. The purpose of this paper is to compare these two methods and identify the environment where one
method may be preferred to the other.

The XmR chart has been used since 1942 (Dudding and Jennett,' Keen and Page,®> Crowder,** Gitlow et al.® Nelson,%” and
Wheeler®). The performance of the XmR chart has been examined by several authors (Roes et al.?, Rigdon et al.'® Acosta-Mejia, "'
Sargut and Demirors,'? Khoo et al,'® Trip and Wieringa,'* Borneman,'® Chakraborti,'® Benneyan,'” Marks and Krehbiel,'® and Poots
and Woodcock'®). To date, no comparison has been made to TCC. TCC was proposed by Alemi?® and based on Tukey?' fences for
box plots. Borckardt et al.®? Borckardt et al.,?® Torng and Lee,** Torng et al.?® and Tercero-Gomez et al.>® examined the performance
of TCC. Lee?” introduced asymmetrical control limits to monitoring the process and showed that it is less sensitive to signal mean
shifts, when the monitoring variable follows a skewed distribution. Sukparungsee®® also reports that TCC is robust in detecting
changes in parameters of skew distributions. Its performance was superior to the exponentially weighted moving average control
chart. Tercero-Gomez et al.?® introduced a method of handling skewed distribution in TCC. Lee and Torng,?® Lee et al.*® and
Sukparungsee®' further introduced some modification of the Tukey chart to improve its performance. These studies while examining
and improving the performance of TCC have not compared it to the XmR chart.

2. |lllustrative example using real life data

To illustrate the use of these two control charts, we present the analysis of data taken from the Major League Baseball to detect
whether use of steroids has led to changes in scores. Major League is the highest professional baseball league in the USA. It has
experienced a series of historical eras since it begun. Using data from 1969 to 2008, Hill and Schvaneveldt®? proposed that the steroid
era in Major League can be detected by comparing scores in this era to the historical pattern. They used an XmR chart and assumed
that 1968 to 1992 could be used as baseline data, when no steroids were used. Figure 1 shows the performance of TCC and XmR
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Figure 1. Control charts of (a) individual, (b) moving range Xmr, and (c) Tukey (TCC) charts using real life data

charts on these data. In this example, TCC detects out of control process sooner than XmR. It signals an out of control process in the
34th observation. While this example shows that TCC is more efficient, other data can be organized where XmR is more efficient. The
real question is when one approach is preferred to another.

3. Methods

Using different distributions, we simulated data and then tested if the data were in or out of control by comparing the observations to
the control limits. The limits of TCC were based on the following formulas:

LClycc = Q1 — Krec (IQR)
Clrcc =Q; (1
UClLrcc = Qs + Krec(IQR)

where Q,=median, Q, =first quartile, Q3 =third quartile, and /QR =interquartile range. Krcc determines the width of control limits.
Alemi?® used Kycc= 1.5, but it may be readjusted based on type-1 error rate.

For XmR, there are really two control charts. The plotting statistic for individual observations is the observation x, and the plotting
statistic for moving range is the range between consecutive values. Control limits for combined individual and XmR charts can be
calculated as follows:

Control limits for individual x chart

UCLy = Ho + Mooy } @)

LCLy = Ho — Moyog
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Control limits for moving range

UCLg = Ro0y } 3)

LCLg =0

The performance of control charts was assessed using the concept of average run length (ARL), extra quadratic loss (EQL), median
run length (MDRL), standard deviation run length (SDRL), performance comparison index (PCl), and relative ARL (RARL). These
measures of efficiency are described in the succeeding texts:

3.1. Average run length

Average run lengthg is the average number of samples until an out of control shift is detected by the chart when the process mean is
in control. ARL, is the average number of samples until an out of control signal is detected by the chart when the process mean is
moved to an out of control situation. For calculating ARL of combined the individual and moving range chart, we used the procedure
introduced by Crowder.3* Marks and Krehbiel'® also used these parameters for calculating ARL for XmR charts. ARL calculations for
TCC were based on the method used by Torng and Lee.?* For Weibull and Rayleigh distributions, we used asymmetrical control limits

27 . L . . e . 33
suggested by Lee.”” We have also applied continuity correction for discrete distribution as suggested by Chan et al.
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Figure 2. Both charts with almost the same efficiency: (a) chi-square (10), (b) chi-square (100), (c) exponential (1), (d) gamma (1, 1), (€) Weibull (2,1), and (f) Laplace distribution
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3.2. Extra quadratic loss

Extra quadratic loss is the overall performance measure of a particular chart. EQL is defined as the weighted average of ARL over the
entire shift domain Jpin < 0 < dmax Using the 5 asa weight. EQL can be written in the form

1 Omax
L= o 52ARL(5)d5} )

5max - 5min

where ARL(9) is the ARL of a particular chart at J. Equation (4) is based on the assumption that ¢ has a uniform distribution over the
interval [Omax — Ominl further discussed by Ahmad et al. 3473¢

3.3. Median run length and standard deviation run length

Maravelakis et al3” suggested the MDRL and SDRL in the case of the skewed nature of a run length distribution. For better

performance, low values of MDRL and SDRL are desirable.

3.4. Performance comparison index

This measure of efficiency is the ratio of EQL and EQL of the best chart under the similar situation. Ou et al.>® discussed this measure in
another form using a similar ratio. PCl supports the performance comparison and ranking-based EQL. Charts that have the lowest EQL
have PCl=1, and all other charts have a PCl greater than 1. A PCl formula has been further written in the succeeding texts.

EQL
PCl — L}
EOLBest.Charr

)

3.5. Relative average run length

Relative average run length computes the average ratios between ARL(0) to the ARLymk(0). For a chart with the lowest ARLy.(0),
RARL is 1, and all other charts have an RARL greater than 1 (Ahmad et al3*3¢),

o ARL(S
1 (6) da‘}

RARL = -
Omax — Omin Omin ARLpmk (5)

(6)

To find out these performance measures, we generated the process data using different probability distributions: binomial,
chi-square, exponential, gamma, geometric, Laplace, logistic, lognormal, Maxwell, normal, Poisson, Rayleigh, Student’s t, and
Weibull distributions.

4. Results and discussion

Tables I(a)-I(d) shows the ARL for XmR and TCC in data simulated from different distributions. These data are also presented in Figure 2
graphically. The performance of the two control charts is similar with some exceptions. The ARL performance of both control charts is
similar using geometric, exponential, Laplace, Weibull (2, 1), gamma (2, 1), gamma (1, 1), and chi-square (100, 10 degrees of freedom)
distributions. For comparison purposes, refer to Figure 2.

(a) (b)
400 400
X o Xie % & Xine
3501 % . TCC 30 K = TCC
EYN
300 iy 300 3 X
i Lo
2501 3\ 250 LX
=\ = Ay
& 200 “X & 200 :
o\ < A
5.'-\ -y X
150 150 '
N nS
100 DR 100 WX
50 )&::.%_% 50 . Xy
B, ~x_
s T e o S

0 02505075 1 1.251.51.75 2 22525275 3 3.253.53.75 4

Shift

0 02505075 1 12515175 2 22525275
Shift

Figure 3. Individual/moving range (I/MR) chart with more efficiency than Tukey chart: (a) gamma (4, 1) and (b) t (4) distribution
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Figure 4. Tukey chart with higher efficiency than I/MR chart: (a) binomial (50, 0.3), (b) logistic (6, 2), (c) lognormal (0, 0.25), (d) Maxwell, (e) normal (0, 1), (f) Poisson (10), (g)
Rayleigh; (h) t (10), (i) t (30), and (j) Weibull (10, 1) distribution
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Other performance measures, EQL, RARL, and PCl, are reported in Tables li(a)-li(c). It is further observed that both control
charts have similar performance. XmR was more efficient in the case of Student’s t (4 degrees of freedom) and gamma (4, 1)
distributions (Figure 3).

Similar conclusions are reached based on other performance measures (Tables I(a)-Ill(g)). TCC had a more efficient ARL, when the
data were distributed from binomial, logistic, lognormal, Maxwell, normal, Poisson, Rayleigh, Student’s t (with 30 and 10 degrees of
freedom), Weibull (10, 1), and Weibull (3.5, 1). ARL curves are presented in Figure 4.

Other performance measures, EQL, RARL and PCl, are reported in Tables li(a)-ll(c). Similar conclusions are reached whether we rely
on ARL or other measures of performance. TCC had better EQL, RARL, PCl, SDRL, and MDRL measures than the XmR chart.

It is to be mentioned that the control limit multipliers for both the charts under discussion are evaluated for different choices of
ARL,. We have provided these multipliers in Tables IV(a)-IV(d) at ARL, of 168, 370, and 500 and different probability distributions.

5. Conclusions and recommendations

Both TCC and XmR chart were designed to be simple to use and require no extensive access to computers or calculations. Neither one
requires the calculation of standard deviation: a procedure that is difficult if one does not have access to computers. Both methods
make limited assumptions about the nature of the data and can be widely used. Both TCC and XmR chart performed well in the
analysis of different simulated data. Improvement teams have a choice to make about which control chart best suits their needs.
In health care, early detection of adverse events (e.g., suicide, onset of cancer, medication errors, etc.) is important. TCC and XmR differ
in their speed of detecting a shift in a process.

There are some situations in which both control charts have similar performance. There are also many instances where TCC was
preferred to XmR and a few where the reverse occurred. TCC was more efficient, when the data came from binomial, Rayleigh,
Maxwell, normal, logistic, lognormal, Weibull, and Student’s t (with 30 and 10 degrees of freedom) distributions. One would expect
many processes to follow these distributions. Normal distribution is quite common. Because these distributions are common, one
would infer that in most common situations, TCC is more or equally accurate than XmR.

Most improvement teams are not sure about the distribution of their data. TCC is the better choice as it outperforms XmR in
normal and many nonnormal environments. Future research should examine the performance of TCC and XmR charts in situations
where cumulative sum is calculated and events in recent time periods are weighted more heavily than events in older time periods.
Another option may be a memory structure in the form of exponentially weighted moving average charts for an efficient detection of
smaller shifts.
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